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ABSTRACT 

We  consider  the  nonlinear  Schrodinger  equation 


1 

•H 

2 

Au  +  k  |  u  |  u  =  0 

in 

ft  X 

[0 , 00) 

1  u(x,t) 

=  0 

in 

3ft 

8 

o 

X 

1  u( x, 0 ) 

II 

c 

o 

X 

in 

ft 

where  ft  is  a  bounded  domain  or  an  exterior  domain  of  R  .  Such  an  equation 

2 

has  been  extensively  studied  when  ft  =  R  ,  but  the  methods  do  not  apply  if 
2 

ft  /  R  .  We  prove  that  there  exists  a  unique  global  smooth  solution  if 

2 

k  >_  0  or  if  k  <  0  and  tk(  \  |u^|  <  4.  The  proof  relies  on  a  new 

interpolation-embedding  inequality : 

Hull  m  <_  C  [  1  +  /log(  1  +  llu  II  )  ]  for  every  u  t  H2  with  llu  II  <  1  . 

l"  k2  h1 
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SIGNIFICANCE  AND  EXPLANATION 


The  nonlinear  Schrodinger  equation  occurs  in  the  study  of  some  problems 


in  nonlinear  optics  (propagation  of  laser  beams  through  the  atmosphere  or  in  a 


plasma)  .  It 


The  main  novelty  of  the 


present  result  is  that  it  applies  to  the  propagation  of  beams  in  channels 
(instead  of  the  whole  space).  The  proof  relies  on  a  new  Sobolev-Orlicz 


embedding  inequality  which  could  be  useful  in  other  situations. 
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NONLINEAR  SCHRODINGER  EVOLUTION  EQUATIONS 
H.  Prezis1  and  T.  Gallouet 

Let  SI  he  a  domain  in  R‘  with  compact  smooth  boundary  F  (  12  could  be 
for  example  a  bounded  domain  or  an  exterior  domain).  Consider  the  equation 

i-^-Au  +  k|u|‘u=0  in  12  *  [0,®) 

at 

(1)  <  u(x,t)  *  0  in  I'  x  [0,») 

u(x,0)  =  u  (x)  , 

0 

where  u(x,t)  is  a  complex  valued  function  and  k  t  R  is  a  constant. 

2 

Problem  (1)  which  occurs  in  nonlinear  optics  when  11  =  r‘  has  been 

extensively  studied  in  this  case  (see  (1)  ,(21  ,[31  .(SI  ,  [81 ) ,  but  we  are  not 

2 

aware  of  any  known  result  when  12  *  R  . 

Our  main  result  is  the  following: 

2  1 

Theorem  1 .  Let  ufi  e  H  ( SI)  n  Hp  ( SI)  .  Assume  that  one  of  the  following 
conditions  holds 

( a)  either  k  >  0, 

(b)  or  k  <  0  and  |k|  j  |ufl(x)|*'dx  <  4. 

Then  there  exists  a  unique  solution  of  (1)  such  that 

u  e  C([0,oo),  h2(D))  n  c\  (0,“);  l.2 (SI))  . 

Tlie  proof  of  Theorem  1  relies  on  several  Lemmas.  The  first  Lemma  is  of 
interest  for  its  own  sake;  it  is  a  new  interpolation-embeddinci  inequality. 
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Cedex  05,  France. 
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In  what  follows  denote  by  C  various  constants  depending  only  on  ft. 
Lemma  2.  We  have 


(2) 


Hud  <  C<  1  +  /loq(  1  +  BuB  )  ) 
“>  —  2 
L  H 


for  every  u  e  H  ( ft)  with  lul  <  1. 

H1 

Proof .  It  is  well  known  that  an  H  function  on  ft  can  lie  extended  by  an 

2  2 

H  function  on  R  ,  More  precisely  one  can  construct  an  extension  operator 
P  such  that : 

1  1  2 

P  is  a  bounded  operator  from  H  (ft)  into  H  (R  ) 

2  2  2 

P  is  a  bounded  operator  from  H  (ft)  into  H  (R  ) 


PU|^,  =  u  for  every  u  c  H  (ft). 

2  A 
[jet  u  €  H  (ft)  with  BuB  <  1.  Let  v  »  Pu  and  denote  by  v  the  Fourier 

H1 

transform  of  v.  We  clearly  have 

(3)  1(1  +  Ul)  vfl  <  C 

L  <  R  ) 


(4) 


Ml  +  Ul  )  v»  <  C«u«  , 

L  (R‘  )  HA(ft) 


(5) 


Bull  <  Bvll  „  <  CBvB  4  „  . 

t»  —  a;  2  —  12 

L  (ft)  L  (R  )  L  (R  ) 


For  R  >  0  we  write 


Bvfl  *  /  |v(£)ldC  +  /  |v(C)|d£ 

L  IU<R  |  F,  |  >  R 
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1  t  Ul' 
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d  £. 


t  CBuB 


/  - 

UI>R  (1  ♦  Ul  )' 


d  C 


1/2 


by  Caucby-Schwarz ,  (3)  and  (4).  A  straightforward  computation  leads  to 


-2- 


IV  11 


<  c|  lout  i  + 


1  2 

R ) )  * 


0  Du  I  {  1 


♦  B) 


-1 


by  every 
I.empil  i . 
(6) 


K  >_  0.  i*>  obtain  (2)  by  choosing  K 

We  have 

2  "> 

Mill  ul  ^  <_  Civil  ^  In  I  for  every 

L* 


In  I 

H 


2* 


u  f  H  (  ll) 


Pi  oof  of  lemma  3.  let  P  denote  any  first  order  differential  operator.  For 
u  e  H  **  wo  have 

|D‘<  luTvOl  <  C(  |u| -’|p2u|  +  |  u  I  |  Pul2)  , 


and  so 
(7) 


Mu|  ul  <  C»ul  lul  „  +  civil  lu  l" 

2  —  »  2  «o  14 

H  L  H  L  W  ' 


On  the  other  hand  an 
(8) 


inequality  of  Gaol i ardo-Nirenberq  (see  [6]) 

lul  <  Civil1  2  lul 1/2  . 

, ,  1 , 4  —  >»  2 

W  1.  H 


implies  that 


Combining  (7)  and  (8)  we  obtain  (6). 

finally  we  recall  the  following  well  known  result  essentially  due  to 
Segal  (7): 

lemma  4.  Assume  H  is  a  Hilbert  space  and  A  :  P( A)  C  H  ♦  H  is  an  m- 

accret  ive  linear  operator.  Assume  F  is  a  mapping  from  P( A)  into  itself 

which  is  Upschit*  on  every  bounded  set  of  r»(  A) .  Tlien  for  every  u^  c  P(  A)  , 

there  exists  a  unique  solution  u  of  the  equation 

(  du 

-rr  +  Ai  -  Fu 
nr 

u(0)  -  u0 

defined  for  t  e  [0,T  )  such  that 

max 

u  C  C  (  {0  *T  )  |  H)OC((OtT  )j  P(  A) ) 
max  max 

with  the  additional  property  that 


firhi'i  t 


max 


«vi(  t-  >  1  ♦  I  Au  (  t )  I 


max 


ma  x 


Proof  of  Theorem  «  We  apply  l^mma  4  in  „  .  L*{a)  to  *  .  iiw 

0(A)  -  h2(Q,  n  -  ik|u|2u.  we  shall  show  that  r  .. 

max 

h"umV'’  *»»r»  flnn.  Urn,  i„,„rv.l . 
,lr,t  “*  »“'Oplv  (11  by  I  .M  con.ld.r  th.  rn.oib.ry  , 


proving 


Bus  leads 


lu(  t  >  I 


N^Xt  wo  multiply  (1)  by 


ami  consider  the  real 


Tills  leads  to 


where 


We  claim  that  »u( t )  I 


tema ins  bounded  for 


Indeed,  this  is  clear 


when 


while  if  k  <  o  we  hav 


.  |Vu(x,t) |2  <  j  |u(x,t)|4dx  ♦  2  ri  . 

“  0t'”r  **>  Nir.nb.r9  th.,U, 


1 n  order 


constant 


out'  proceeds  as  fol  low 


Choos i no 


(12)  /  |u|4dx  £  /  luTdx  /  |7a|2dx 

“  ~  /  lup|2dx  /  iViil'dx  . 

I’ombining  (11),  (12)  and  assumption  (b)  in  ^eoren  1  we  see  that 

(13)  «u( t)  H  <  C 

H 

where  C  is  independent  of  t. 

2 

We  now  denote  by  S(t)  the  L  isometry  qroup  generated  by 
( 1 )  we  have 


t. 

u(t)  =  S(t)up  +  ik  /  S(t  -  s) | u( s) | 2u( s) ds 
0 


and  so 


t 

Au(t)  -  S(t)Aun  +  ik  /  S(t  -  s) A[ |u( s) | 2u( s)] ds  . 

0 


Thus 


(14)  It  Au  ( t )  II  <  B  Au  II  .,+  |k|  /  It  A[  |u(s)  |  2u(s)]  II  ds  . 

L  L"  0  L2 


Lemma  3  implies  that 

2  o 

II A [  I u (  s )  |  u (  s )  ]  II  <  C«u(s)ir  II u (  s )  II 

z  —  «>  z 

L  L  H 


Prom  Lemma  ?.  and  estimate  (13)  we  deduce  that 

llu(  s)  11  co  £  c(  1  +  ►'loot  1  +  II u(  s)  II  ^ )  )  . 
L  H" 


Hence  (14)  leads  to 


t 

Mt)U  2  <  C  +  C  f  Hu  (  s )  II  n[1  +  lo<r(1  +  llu  (  s )  II  )  ]  ds  . 


Fr 


(15) 


We  denote  by  G(t)  the  RHS  in  (15);  thus 


G'(t)  -  Clu(t)J  [1  ♦  log( 1  +  lu(t)l  ))  <  CG( t ) [ 1  +  log( 1  +  G(t)))  . 

H"  h2 


Consequently 

^  log [  1  +  log( 1  +  G(t))]  <  C 


and  we  find  an  estimate  for  8u( t )  B  of  the  form 

H2 

„  St 

Hu( t )  I  <  e 
H2 


for  some  constants  a  and  8.  Therefore  llu(t)  II  remains  bounded  on  every 

H 

finite  time  interval  and  so  we  must  have  T  =  <*>. 

max 

Remarks.  1)  The  proof  of  Theorem  1  leads  to  an  estimate  of  the  form 

iu(t)l  ^  <  a  e  .  We  do  not  know  whether  llu(t)  II  remains  actually 

L  L* 

bounded  as  t  ♦  <*>. 

2)  When  k  <  0  and  |k|  /  |u  Q |  >  4,  it  is  known  (see  [4],  (2])  if 

2 

il  =  R  that  the  solution  of  (1)  corresponding  to  some  initial  conditions  may 

blow  up  in  finite  time.  A  similar  phenomenon  presumably  occurs  when  ft  *  p  . 
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where  ft  is  a  bounded  domain  or  an  exterior  domain  of  IR  .  Such  an  equation 

2 

has  been  extensively  studied  when  ft  =  IR  ,  but  the  methods  do  not  apply  if 
2 

*  IB  .  We  prove  that  there  exists  a  unique  global  smooth  solution  if 

2 

k  >_  0  or  if  k  <  0  and  |k|  /  |uQ|  <4.  The  proof  relies  on  a  now 
interpolation-embeddi ng  inequality : 

||u||  _<  C{1  +  /log(l  +  ||u||  T)  1  for  every  u  e  H2  with  ]ju||  £  1  . 

L*  H2  H 


